Artin monoids inject in their groups 

Luis Paris 



January 31, 2001 



Abstract 

We prove that the natural homomorphism from an Artin monoid to its associated 
Artin group is always injective. 

AMS Subject Classification: Primary 20F36; Secondary 20F55. 
1. Introduction 

Let S* be a finite set. A Coxeter matrix over S" is a matrix M — {ms^t)s,ti£S indexed by the elements of S 
and such that: 

• ms^s — 1 for all s £ S*; 

• rris^t — 'nT't.s € {2,3,4,..., +co} for all s,t £ s ^ t. 

A Coxeter matrix M = {ms^t)s,t^s is usually represented by its Coxeter graph T. This is defined by the 
following data: 

• S is the set of vertices of F; 

• two vertices s,t G S are joined by an edge if m^,* > 3; 

• the edge which joines s and t is labelled by m^^i if nis.t > 4. 

The Coxeter system associated with F is the pair {W, S), where W is the group presented by 

W = {S \ ^ 1 for s e S, (st)"-' = 1 for s, i e S, s ^ t, m,^t < +oo). 

The group W is called the Coxeter group associated with F. 

Let S = [as] s S 5'} be an abstract set in one-to-one correspondence with S. For two objects a, b and 
m S N we write 

, , f (ab)~ if m is even 

prod a, 5; TO = <^ ™^ . 

|_ (ab) 2 a it TO IS odd 

The Artin system associated with F is the pair (Gr, S), where Gr is the group presented by 

Gr = (S I prod(o-s, o-t; TOs^i) = prod((Tt, o-g; TO^^t) for s,t e S, s ^ t, nis^t < +oo). 

The group Gr is called the Artin group associated with F. 

Recall that a monoid is a semigroup with a unity, and a homomorphism of monoids is a map <f> : M ^ M' 
which satisfies (t){fg) = 4'{f)4'{g) for fi9^ ^'^d (f>{l) — 1. The Artin monoid associated with F is the 
monoid Gjt presented by the same generators and relations as Gr- Let l : Gjt Gr denote the canonical 
homomorphism from Gjt to Gr. The goal of this paper is to prove the following. 

Theorem 1.1. The homomorphism l : Gp Gr is injective for all Coxeter graphs. 

It seems that the authorship of the Artin groups, also called generalized braid groups, has to be at- 
tributed to Jacques Tits, in spite of the fact that his name does not always appear in the references. 
Furthermore, it is in a paper of him [Tit2] where these groups appeared for the first time. However, it was 
Brieskorn and Saito who proposed in [BS] the question of the study of all these groups (Deligne's paper [Del], 
which appeared at the same time, is concerned only with spherical type Artin groups, namely, those Artin 
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groups for which W is finite). Souk; faniihcs of Artin groups arc wch understood, but, since the paper of 
Brieskorn and Saito in 1972, very few results concerning all Artin groups have been published. In particular. 
Theorem 1.1 above was known only for some particular classes, namely, for the spherical type Artin groups 
(sec [BS] and [Del]), for the two-dimensional Artin groups (see [ChP] and [Cha]), and for the FC-type Artin 
groups (see [Alt] and [Cha]). It was unknown, for example, for the so-called afhne type Artin groups. 

Our proof of Theorem 1.1 is independent of the previous approachs of the problem. Note first that, in 
order to prove Theorem 1.1, it sufRces to show that there exists an injective homomorphism i/j : Gp G, 
where G is a group, not necessarily equal to Gr- 

We say that a Coxeter graph F is of small type if mg^t G {2, 3} for all s,t G S, s ^ t. We say that F has 
no triangle if there is no triple {s.t.r} in S such that nis^i.ms^r.mL.r > 3. The first ingredient in our proof 
is to show that, for any Coxeter graph F, there exists an injective homomorphism (j) : Gjt — > , where G^ 

is an Artin monoid associated to a Coxeter graph F of small type with no triangle. The homomorphism <p 
is obtained by a "folding" as described in [Cri], its construction is essentially the same as the one given in 
[CrP, Sec. 6], and the proof of the injectivity is a direct application of [Cri, Thm. 1.3]. This construction is 
given in Section 5. 

So, in order to prove Theorem 1.1, it sufRces to consider only Coxeter graphs of small type with no 
triangle. Take such a Coxeter graph, F. We construct in Section 3 a homomorphism ip : Gjt G\{V), where 
1^ is a (infinite dimensional) vector space over Q(x,j/), and we prove in Section 4 that "0 is injective. 

If F = An, then Ga„ is the braid group on n -I- 1 strings, and tp : G^ G\{V) is equivalent to the 
representation constructed by Bigelow and Krammer in [Big], [Krai] and [Kra2]. In this case, V has finite 
dimension, and the injectivity of ip implies the injectivity of the induced representation Ga„ Gl(V^). More 
generally, if F is of spherical and small type, then the representation -0 : Gjt G\{V) is equivalent to the 
ones constructed independently by Digne [Dig], and by Cohen and Wales [CW]. In this case again, V has 
finite dimension and the induced representation Gr — > Gl(t^) is injective. We do not know whether the 
representation Gr G\{V) induced by ip is injective for all Coxeter graphs of small type with no triangle. 
The construction of %L' and the proof of the injectivity are based on a (non always easy) generalization of the 
methods of Krammer, Digne, Cohen and Wales. 

Acknoledgements. I would like to thank John Crisp for many useful conversations during the preparation 
of this work, and for drawing my attention to the results of [Cri] which are one of the main tools of the proof 
of Theorem 1.1. 



2. Preliminaries 

We summarize in this section some well known results on Artin monoids, Coxeter groups and root systems, 
and give definitions and some basic properties of closed sets. The closed sets have been introduced by 
Krammer in [Kra2] for Artin groups of type A„. This notion has been extended to the Artin groups of small 
and spherical type by Digne [Dig], Cohen and Wales [CW]. Here we extend it to all small type Artin groups. 

Let F be a Coxeter graph. It is shown in [BS] that the Artin monoid Gjt is cancellative, namely, if 
fgih — fg2h, then gi = g2. We say that h is a. multiple of g and write g < h if there exists / G Gjt such 
that gf = h. The relation < is a partial ordering on G^ . 

Let 6 : Gjt W he the homomorphism which sends ag to s for all s G S. Then 6 has a natural 
set-section t : W ^ Gp defined as follows. Let w e W. We choose a reduced expression w ~ si . . . si for u> 
and we set t{w) = ■ ■ ■ ■ By Tits' solution of the word problem for Coxeter groups [Titl], the definition 
of t{w) does not depend on the choice of the reduced expression. 

Let / : VF ^ N and I : Gjt N denote the word length functions of W and Gjt with respect to S and 
S, respectively. Define a partial ordering on VF by m < w if l{y) = l{u) -\- l(u~^v). Then 1(t{w)) = l{w) for 
all w e W, and one has u <v ii and only if t{u) < t{v). 

The proof of the following proposition is essentially the same as the one of [Del, Pro. 1.14] and [Mic, 
Lem. 1.4]. 

Proposition 2.1. Let E he a finite subset ofW such that: 
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• if u < V and v ^ E, then u € E; 

• if V € W and s,t & S are such that l{vs) = l{vt) = l{v) + 1 and vs,vt e E, then rUs^t < +00 and 

V ■ prod(s, t; rUs^t) € E. 

Then there exists wq gW such that E = {v G W; v < wq}- 

The next proposition is part of [Mic, Prop. 2.1]. It is also a direct consequence of [BS, Lem. 2.1 and 
Prop. 2.3]. 

Proposition 2.2. Let f G Gjt and let E = {w G W;t{w) < /}. Then E satisfies: 

• if u <v and v G E, then u G E; 

• if V G W and s,t G S are such that l{vs) = l{vt) = l{v) + 1 and vs,vt G E, then ms,t < +00 and 

V ■ prod(s, t; ms,t) G E. 

Definition. Let / G Gjt. By Propositions 2.1 and 2.2, there exists a unique wq G W such that {v G 
W; t{v) < f] = {v gW\v < Wo). We set 

L{f)=wo. 

The next proposition is also part of [Mic, Prop. 2.1] 
Proposition 2.3. Let f,gG . Then 

L{fg) = L{f.{ToL){g)). 



Let n = {cus', s € S*} be an abstract set in onc-to-onc correspondence with S. The elements of 11 arc 
called simple roots. Let U denote the real vector space having 11 as a basis, and let ( , ) : t/ x t/ ^ R be 
the symmetric bilinear form on U defined by 



/ > _ J -2cos(7r/ms,t) if Wg^f < +00 



There is a faithful representation W ^ G\{U) which is defined by 

s{x) = X — {as,x)as, x G U, s G S, 

and which preserves the bilinear form ( , ). This representation is called the canonical representation of W. 

The set $ = {was;s G S,w G W} is called the root system of W. The subsets = {X^^gs A^ag G 
As > for all s G S} and $~ = {(3 G /? G are the sets of positive roots and negative roots, 
respectively. For w; e W we set $^ = {/3 e $+: e 

We list in the following proposition some well known results on root systems (see [Hil] and [Deo]). 

Proposition 2.4. ('^j $ = $+ U $~. 

(2) \<i>^\ = l{w) for allwG W. 

(3) For all u,v GW such that u < v, one has = U u • <l>„-i^. 

(4 ) For allw gW and sG S, 



l{sw) 



l{w) + 1 if w~^as G i>+ 
l{w) - 1 if w~^as G $~ 



(5) Let P = was G , and let r^ = wsw ^ . Then rp acts on U by 

r/3{x) = X — {x, (3)13, x gU. 
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Let /3 e Define the depth of /? to be 



dp(/3) = min{Z e N; there exists w gW such that w/S G $ and l{w) = I}. 



Lemma 2.5. Let T/ien 



<ip(/3) = inin{Z e N; there exist w gW and s £ S such that (3 = w and I = l{w) + 1}. 



Proof. Let di = min{i G N; there exists w £ W such that wf3 € $~ and l{w) = 1} and d2 = m.m{l G N; 
there exist w gW and s e 5 such that /? = ■u;~^as and I = l{w) + 1}. 

Let w £ W and s e such that /? = w~-^q;s and l{w) ~ d2 — 1. Since /? e by Proposition 2.4, 
l{s'w) = l{w) + 1 = ^2- Moreover, swP = sag = — € This shows that d2 < di. 

Let ti; e W such that w0 G $~ and l{w) = di. Let s G S such that ^(su') = l{w) — 1. Let v = sw 
and 7 = w/3. By the minimality of l{w) = di, one has 7 € Moreover, 57 = w/3 G thus 7 = and 
/3 = V^a^. This shows that di < d2- □ 

The foUowing proposition is proved in [BH, Lem. 1.7]. 



Prom now on and tih the end of the section, we assume that F is a Coxeter graph of smaU type, namely, 
that ms,t G {2, 3} for all s, t E S, s t. Note that, under this assumption, all the roots can be written 
/3 = J2ses ^sCts, with Ag G Z, and one has 7) G Z for all /3, 7 G 

Definition. A subset A c is a closed subset if: 

• yl is finite; 

• if a, P G A, then (a, /3) > -1; 

• if a, P G A and {a, (3) = —1, then a + /? = ra{fi) = rjs{a) G A. 
Lemma 2.7. Let w G W. Then is a closed subset. 

Proof. Let a,/? G A direct calculation shows that: if (a,/?) < —2, then {rari3y{a) is a positive root of 
the form aia + bifi, where ai,bi > 0, for all / G N, and (rar/3)'(a) 7^ (raf/3)''(a) for I ^ k. This implies that: 
if (a, (3) < —2, then there are infinitely many positive roots of the form aa + 6/3, with a,b>0. 

The set is finite since |<I>t„| = l(w). Lot a, /9 G If 7 = aa + with a, 6 > 0, is a positive root, 
then 7 G since w~^7 = ati;~^a + bw^^ft is a negative root. By the above considerations, this implies 
that (a, P) > -1 and that a + /3 G if (q- P) = -1- □ 

Proposition 2.8. Let A be a closed subset of and let E = {w G W;^yj C A}. Then E satisfies: 

• E is finite; 

• if u <v and v G E, then u G E; 

• ifv G W and s,t G S are such that l{vs) = l{vt) = l{v) + l and vs, vt G E, then v-pTod{s,t; ms,t) G E. 

Proof. If C A, then l{w) — |$^| < \A\. Since A is finite, it follows that l{w) is bounded for all w G E, 

thus E is finite. 

Suppose u < V and v G E. Then, by Proposition 2.4, C C A, thus uG E. 

Let V gW and s,t G S such that l{vs) — l{vt) = l{v) + 1 and vs,vt G E. By Proposition 2.4, one has 
= $j,U{t;as} and = $j,U{t;at}. Let w = i;-prod(s, t; rus^t)- If mg^t = 2 then = ^y[J{vas,vat} C 



Proposition 2.6. Let s G S and /3 G $+ \ {a^}. Then 



r dp(/3) - 1 
dp(s ■p) = { dpip) 

[ dpiP) + 1 



if {as,P)>0 
if {a,,P)=0 
if {as,P)<0 
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A, thus w G E. If nis^t ~ 3, then {vas,vQi) = (a.,, a,) = —1, thus vUg + vat = v{as + at) € A. It follows 
that = {vas, vat, v{as + at)} C A, thus w & E. □ 

Definition. Let A be a elosed subset of By Propositions 2.1 and 2.8, there exists a unique wq € W 
such that {w e W; C A} = {w e W; w < wq}. We set 

C{A) = wo. 

Note that C($^) = w for all «; e W". 



3. The representation 

Throughout this section, T is assumed to be a Coxeter graph of small type with no triangle, namely, ms,t € 
{2, 3} for all s,t € S , s ^ t, and there is no triple {s, t, r} in S such that ms^t = 'm's,r = ^t.r = 3. Our aim 
here is to construct a (infinite dimensional) linear representation tp : Gp G\{V). We will prove in Section 
4 that this linear representation is faithful. This will imply that t : Gjt — > Gp is injective. 

Let £ = {cip; P ^ "I>^} be an abstract set in one-to-one correspondence with let K = Q(x, y) denote 
the field of rationnal functions on two variables over Q, and let V be the K- vector space having f as a basis. 

For all s G S, we define a linear transformation ips : V ^ V by 



fsie^) 



A direct (case by case) calculation shows that 




if /? = as 
if =0 

if {as, /?) = a > and /3 ^ 
if (««,/?) = -a < 



^Ps^t = H>tH>s if rus^t = 2 
ipsVtfs = VtVsVt if rus^t = 3 

So: 

Proposition 3.1. The mapping as — > (Ps, s G S, induces a homomorphism tp : Gjt — > End(y). 

Now, for all s € 5* and all (3 G $+, take a polynomial T{s,P) € Q[y] and define ips '■ V ^ V hy 

V's(e/3) = fs{e(3) +xT{s,fi) ■ ea,- 
The goal of this section is to prove the following: 

Theorem 3.2. There is a choice of polynomials T{s,p), s G S and (3 G so that the mapping as — > tps, 
s G S, induces a homomorphism tp : Gjt — > G\{V). 

Let s G S and /3 G We define the polynomial T{s,(3) by induction on dp(/3). Assume first that 
dp(/3) = 1. There exists t G S such that f3 = at- Then we set 

(Dl) T(s,at) = y2 if ^ = s 
(D2) T(s, at) = if i 7^ s 

Now, assume that dp(/3) > 2. We choose t G S such that dp(f • (3) = dp{(3) — 1. By Proposition 2.6, one has 

{at,l3)=b>0. 

Case 1: (a^, /3) = a > 0. Then we set 
(D3) T(s,/?) = j/dpW(2;-l) 
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Case 2: {as, (3) = 0. Then we set 

(D4) T{s,p) = yT{s,/3-bat) if =0 

(D5) T{s,p) = iy-l)-T{s,p-bat)+yT{t,p-bas-bat) if(a«,at) = -l 

Case 3: /3) = —a < 0. Then we set 

(D6) T{s,P) =yT{s,P-bat) ifK,at) = 

(D7) T(s, /?) = (y - 1) • T(s, (i - bat) + y ■ T{t, (3 - {b - a)as - bat) if a*) = -1 and 6 > a 

(D8) T(s,/3) =T(t,/3-6Q;t) + (2/-l)-T(s,/3-6a() if (a^, at) = -1 and 6 = a 

(D9) T{s, f3)=y T{s, f3 - bat) + T{t, p - bat) + y'^P^^^-^l - y) if (a«, a*) = -1 and 6 < a 

The proofs of the fohowing lemmas 3.3 and 3.4 are long and tedious case by case verifications and they 
are not very instructive for the remainder of the paper. So, we put them in a separate section at the end of 
the paper and continue with the proof of Theorem 3.2. 

Lemma 3.3. Let s e S and (i G $^ such that dp(/3) > 2 and {as, (3) = 0. Then the definition ofT{s,p) 
does not depend on the choice of the t & S such that dp{t ■ (3) = dp(/3) — 1. 

Lemma 3.4. Let s G S and (3 E such that dp(/3) > 2 and {as, (3) = —a < 0. Then the definition of 
T{s,(3) does not depend on the choice of the t £ S such that dp{t ■ (3) = dp(/3) — 1. 

Lemma 3.5. Let s,t G S and /3 e such that {as, at) = —1, {as, (3) = 0, and {at, (3) = 0. Then 

T{s,P)=T{t,f3). 



Proof. We argue by induction on dp(/3). Assume first that dp(/3) = 1. There exists r G S such that (3 = a^- 
One has r 7^ s and r ^ t since {as,f3) = {at,P) = 0. Then, by (D2), 

T(s, 13) = T{s, a,) = = T{t, a,) = T{t, P). 

Now, assume that dp(/?) > 2. We choose r G S such that dp(r • (3) = dp(/3) — 1. By Proposition 2.6, one has 

{ar,(3) =00. 

Case 1: {as,ar) = and {at,ar) = 0. Then 

T{s,l3)=yT{s,P-car) by (D4) 

= y ■T{t,(3 — cctr) by induction 
= T{t,P) by(D4) 

Case 2: {as,ar) = and {at,ar) = —1. We cannot have dp(/3) > 3 in this case. Suppose dp(/3) > 4. Then 



T{s,l3)=yT{s,P-car) 



by (D4) 



= y{y — 1) • T{s, (3 — cat — car) + y ■ T{t, (3 — cag — cat — car) by (D5) 



= ydp(/3)-i(-y _ ^ y2 . ^(-^^ (3-cas- cat - car) 
= ydp(^)-i(y _ 1)2 + y2 . j3-cas- cat - car) 
= (j/ - 1) • T{t,(3- car) + y ■ T{r,p- cat - car) 
^T{t,(3) 



by (D3) 

by induction 

by (D3) and (D4) 

by (D5). 



Since r has no triangle, we cannot have {as,ar) = —1 and {at,ar) = —1 ( because {as, at) = —1). So, 



Case 1 and Case 2 are the only possible cases. 
Lemma 3.6. Let s,t G S such that ms,t = 2. Then ipst/Jt = tpt'4>s 
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□ 



Proof. Let /? G $+. Wc compute {ipsipt){ei3) and {iptips){(ip) replacing r(.s,Q;s) and T{t,at) by y^, and 
replacing T{s,at) and T{t,as) by 0, and we compare both expressions. This can be easily made with a 
computer. 

Case 1: (3 = as- Then we directly obtain {'tjjstjjt){e0) = ('^tV's)(e/3)- 

Case 2: {as,P) = and {at, (3) = 0. Then we directly obtain {ipsipt)iep) = {iptips)iep)- 

Case 3: {as,P) = and {as,/3) =b> 0. Then the equality {'4>si't){^fi) = {'4't'4's){^fi) is equivalent to 

T{s,p)=yT{s,f3-bat). 

This equality follows from (D4). 

Case 4: {cts,(3) = and {at,P) = —b <0. Then the equality (V's'^i't)(e/3) = {tjJttlJs){e0) is equivalent to 

Tis,P + bat)^yT{s,p). 

This equality follows from (D4). 

Case 5: {as,(3) = a > and {at, (3) = b> 0. Then the equality (V's^t)(e/3) = (V'tV's)(e/3) is equivalent to 

T{s,f3) =yT{s,f3-bat), 
T{t,P)=yT{t,/3-aas). 

These two equalities follow from (D3). 

Case 6: {as,(3) = a> and {at,f3) = —b <0. Then the equahty {'tpstpt){ei3) = (V'tV's)(e/3) is equivalent to 

T{s,l3 + bat)^yT{s,(3), 
T{t,P)=yT{t,P-aas). 

The first equality follows from (D3) and the second one from (D6). 

Case 7: {as,(3) = — a < and {at, (3) = — 6 < 0. Then the equality {tps''Pt){^/3) = {'4't4's){^/3) is equivalent to 

Tis,l3 + bat) = yT{s,(3), 
T{t,(3 + aas)=yT{t,(3). 

These two equalities follow from (D6). □ 
Lemma 3.7. Let s,t G S such that ms,t = 3. Then ips4>t'(ps = ''Pt'fps'fpt- 

Proof. Let /3 G We conpute {il^s^t^s){ei3) and {tpt'<ps''Pt){ei3) replacing T{s,as) and T{t,at) by , 

replacing T{s,at) and T{t,as) by 0, and replacing T{s,as + at) and T[t,as + a*) by y^iy — 1), and we 
compare both expressions. 

Case 1: (3 = as- Then wc directly obtain {ijjs4't''Ps)ief3) = (V'tV'sV'Olc/?)- 
Case 2: j3 = as + at- Then wc directly obtain (^/'sV'tV's)(e/3) = ('!/'t'0sV't)(C/3)- 

Case 3: {as, (3) = and {at, (3) = 0. Then the equality {tpsfptips){ei3) = (V'tV'sV't)(e/3) is equivalent to 

T{s,/3)=T{t,/3). 

This equality follows from Lemma 3.5. 

Case 4: {cts,(3) = and {at, (3) = 6 > 0. Then the equality {■4's''Pt4's){e0) = {tpt4's'4't){e0) is equivalent to 

Tit,(3)^yT{s,(3-bat), 
(1 - y) • T{t, p) + y T{s, P) = ■ T{t, /3 - 6a, - bat). 

The first equality follows from (D3) and the second one follows from the first one and from (D5). 
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Case 5: {as,(3) = and {at,P) = —b <0. Then the equahty {'tjjstlJt'4's){e0) = {i^ti^si^t){e^i3) is equivalent to 

(1 - 2/) • T(s, /?) + T(s, /3 + 6at) = T{t, (3), 
y ■ T{s, /3) = (1 - y) • T{t, (3 + bat) + T{t, p + bas + bat). 

The first equahty fohows from (D8) and the second one from (D5). 

Case 6: {as, (3) = a > and {at,P) = b > 0. Then the equahty (V'sV'tV's)(e/3) = {'4't'4's'4't){ei3) is equivalent 
to 

y ■ T{s, p-aas-{a + b)at) = (1 - y) • T{s, (3 - bat) + T{t, (3), 
(1 - y) • T{t, (3 - aas) + T{s, p) = y ■ T{t, l3-{a + b)as - bat), 
T{t,(3-aas)=T{s,l3-bat). 

These three equalities follow from (D3). 

Case 1: {as, (3) = a > 0, {at,P) = —b < 0, and a > b. Then the equality {ips'4't'4's){e0) = (V'tV'sV't)(e,3) is 
equivalent to 

y2 . T{s, p-aas-{a- b)at) = (1 - y)' • T{s, /?) + (1 - y) • T{s, p + bat) + y ■ T{t, /?), 

T{s, 13) = T{t, 13 ~ {a- b)as + bat), 
y ■ T{t, 13 - aas) = (1 - 2/) • T{s, (3) + T{s, /3 + bat). 

The second and third equalities follow from (D3), and the first one follows from the third one and from (D7). 

Case 8: {as, (3) = a > 0, {as, (3) = —b < 0, and a = b. Then the equality ('!/'sV'tV's)(e/3) = (V'tV'sV't)(e,3) is 
equivalent to 

y ■ T{s, p - aas) = (1 - y)' • T{s, /3) + (1 - y) ■ T{s, p + aat) + y ■ T{t, p), 

T{t,P + aat)=yT{s,P), 
y ■ T{t, P - aas) = (1 - y) • T(s, P) + T{s, P + aat). 

The second equality follows from (D3), the third one follows from (D5), and the first one follows from the 
third one and from (D8). 

Case 9: {as,P) = a > 0, {at,P) = — 6 < 0, and a < b. Then the equality {ips''Pt'4's){s0) = (V'tV'sV't)(e/3) is 
equivalent to 

y(l - y) • T{s, P-aas) + y T{s, p-aas + {b- a)at) = (1 - y)^ ■ T{s, /3) + (1 - y) • T{s, p + bat) + V ■ T{t, P), 
y ■ T{s, p) = {l-y)- T{t, P + bat) + T{t, P+{b- a)a« + bat), 
y ■ T{t, p - aas) = (1 - y) • T{s, p) + T{s, p + bat). 

The second equality follows from (D3), the third one follows from (D7), and the first one follows from the 
third one and from (D9). 

Case 10: {as,P) = —a < and {at,P) = — 6 < 0. Then the equality {'ijjs'4't'4's){ef3) = {'4't'4's'4't){ef3) is 
equivalent to 

(1 - y) • T(s, P + aas) + T{s, + axis + [a + h)a,) = y ■ T{t, p), 
y ■ T{s, p) = {l-y). T{t, p + bai) + T{t, p + {a + b)as + bat), 
(1 - y) ■ T{t, P) + T{t, P + aas) = (1 - y) • T{s, P) + T{s, p + bat). 

The first and second equalities follow from (D7), and the third one follows from (D9). □ 

Lemma 3.8. Let s G S. Then tjjs is invertible. 
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Proof. Let Ps : V ^ V he the linear transformation defined by 

—1 - 



Ps{e0) 



ep-y-^T{s,l3)-e,,, 

(1 - y~^) ■ 6/3 + e/3-aa, " y~'^T{s, [3 - aUg) ■ Co 
+y-\y-^-l)T{s,f3)-eo^^ 



if /? = as 
if (a,,/?) =0 

if (as, /3) = a > and ^ as 
if (as,/?) = -a < 



A direct case by case calculation shows that ips o pg = ps o ijjs = Idy- So, ips is invertible. 
This finishes the proof of Theorem 3.2. 



□ 



4. Faithfulness 

Throughout this section, F is again assumed to be a Coxeter graph of small type with no triangle. Our goal 
here is to prove the following. 

Theorem 4.1. The representation ip : Gp — > Gl(y) defined in Section 3 is faithful. 

Since Gl(y) is a group, it follows: 
Corollary 4.2. The homomorphism l : Gjt Gr is injective. 

Let V+ ~ ffi/3e$+Q[.'z;, 2/]e/3 denote the free Q[.t, yj-modulc having £ = {efj;0 E $+} as a basis. The 
coeflScients of tp{g) lie in Q[a;,y], for all g G Gjt, thus V+ is invariant by the action of Gjt. We denote by 
V'+ : Gp — > End(V+) the restriction of V' to V+. 

Let Vq = Q)fj(z,s,+ 'Refj denote the real vector space having 5 as a basis. Replacing a; by and y by a 
value < j/o < 1) the homomorphism tp+ induces a homomorphism tpo : Gp End(Vo). 

Let H denote the Hilbert space of series J2i3e^+ ^0^0 such that J2/3e'S>+ ^ +oo, and let jC{'H) denote 
the space of continuous linear transformations of H. Remark that Vq is dense in H. For all s € 5 and all 
P & one has 



V'o(o-s)(e/3) = < 



a P = as 

6/3 if {as, f3) = 

yo ■ &D-aas if (os, /?) = a > and /? ^ as 

(1 - yo) ■ ep + ei3+aas if (^s, /?) = -a < 



The hypothesis < yo < 1 implies that ||V'o(a's)(e/3)||2 < \/2 for all /3 e thus Vo(o-s) S C{U). So, 
V'o : Gp — > End(Vb) induces a homomorphism V'oo : Gp — > CiH). 

Definition. Let A be a subset of Then Ua denotes the set of series Y^Xpep G H such that: 

• A/3 > for all /3 e $+; 

• A/3 = if and only if (3 £ A. 

Note that i/^ is nonempty, even if \ A is infinite, and one has Ua r\ Ub = ^ if A B . 

Lemma 4.3. Let A c and g G Gp . There exists a unique subset B c smc/i that tpoo{g) ■ Ua C Ub- 

Proof. The hypothesis < t/o < 1 implies that the coefficients of ipoc{o's) are > for all s G S, thus the 

coefficients of tpcaig) are > 0. Let V'oo(5)(e/3) = 0"i,i3e-y, and let Suppg(e/3) denote the set of 7 e 

such that a-y,/3 > 0. Let 

A' = $+\A, = U/3eA'Suppg(e/3), B = $+\B'. 
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ThentP^{g)-UACUB. 



□ 



Definition. Let A c and g G Gjt . Then g * A = B denotes the unique subset B c such that 



Lemma 4.4. Let A c 



sG S. Then 



as*A = {as} U {/3 G (a^, (3) = and (3 e A} 

U {P £ (ofs, ^) = a > 0, (3 ^ as, and (3 - aas G A} 
U {/3 G (Qs, /3) = -a < 0, /3 G ^, and (3 + aa^ G A). 



Proof. Let /? G Then 



{e/3-aa,} 
I {6/3,6/3+003} 



if /3 = 

if (a„/3) =0 

if {asi(3) = a > and (3 ^ as 
if (q!5,/3) = -a < 



Let A' = $+ \ ^ and S' = U/3GA'Supp^^(e/3). Then 



B' = {/? G 
U {/3 G 
U {/3 G 



(as,/3) = and /? G 

{as, (3) = a > 0, /3 and /3 — aas € 

(a^, /?) = -a < 0, and either /J G A' or /J + aa^ G A'} 



thus 



= {as) U {/3 G 

U {/? G 
U {/3 G 4'+ 

Remark. Let A c and s G 5. Then 



{as, 13) = and /3 G A} 

{as, P) = a > 0, f3 ^ Us, and /? — G A} 

{as, (3) = -a < 0, /3 G >1, and (3 + aa^ G A}. □ 



s(A\{aJ)= {/3G$+;(as,/?)=0and/?eA} 

U {/3 G $+; (as,/3) = a > 0, /? ^ ««, and /3 - aas G ^} 
U {/3 G (as, /3) = -a < and /? + aas e A}. 

In particular, one has 

as* Ad {as}Us(A\{as}). 
Lemma 4.5. Let A he a closed subset of and s G S. Then as* A is also a closed subset. 

Proof. Since A is finite, as* A is also finite. Now, we take Pi, (32 G ag * A and we prove: 

• {Pi,P2)>-l; 

• if {Pup2) = -1, then Pi+P2Gas* A. 

Assume first that /3i = as- If {as,p2) = —a < 0, then P2, P2 + acts G A (by Lemma 4.4), thus 

{p2,p2 + aas) = {P2, P2) + a{p2, as) = 2 - > -1 

(since A is closed), therefore a = 1. This shows that {as,P2) > —1- Suppose (as,/32) = —1- Then 
{as, P2 + cis) = 1 and P2 G A (by Lemma 4.4), thus, by Lemma 4.4, P2 + cts G as * A. 

Assume now that /3i 7^ as and P2 7^ ctg. One has /3i, P2 G s{A \ {as}), thus s(/3i), s(/32) G A, therefore 
(/3i,/?2) = (•s(/3i), s(/32)) > —1 (since A is closed). Suppose now that {^1,^2) = — 1- 

Case 1: {as. Pi) = and {as,P2) = 0. Then (as,/3i + P2) = 0. Moreover, one has Pi,P2 G A (by Lemma 
4.4), thus p\+ P2G A (since A is closed), therefore Pi + P2 G as * A (by Lemma 4.4). 
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Case 2: {as,(3i) — and {as,/32) = b> Q. Then {as,(3i + /?2) — b > 0. Moreover, one has 0i,f32 — bag G A 
(by Lemma 4.4) and , (32 — bag) = — 1 , thus /3i + /32 — bag € A (since A is closed) , therefore Pi +02 G ct^ * A 
(by Lemma 4.4). 

Case 5; {a^, Pi) = and {a^, P2) = -b<0. Then (a^, P1+P2) = -b < 0. Moreover, one has Pi,P2, P2+bas e 
A (by Lemma 4.4) and {^1,^2} = {Pi,P2 + bag) = —1, thus pi + P2, Pi + P2 + bag G A (since A is closed), 
therefore Pi + P2 G ag * A (by Lemma 4.4). 

Case 4: {cts,Pi) = a > and {as,P2) = b > 0. Then {ag,Pi + P2) = a + 6 > 0. Moreover, one has 
Pi — aas,P2 — bag G A (by Lemma 4.4) and {Pi — aas,P2 — bag) = —1, thus Pi+ P2 — {a + b)ag G A (since 
A is closed), therefore Pi + P2 E (Js * A (by Lemma 4.4). 

Case 5: {as,Pi) = a > and {as,P2) = —b < 0. Note first that P2,P2 + bag G A (by Lemma 4.4), thus 
{P2,p2 + bag) = 2 — 6^ > — 1 (since A is closed), therefore 6=1. 

Suppose a = 1. Then (as, /3i + P2) = 0. One has Pi — ag, P2 + as S A (by Lemma 4.4) and {Pi — ag, P2 + 
ag) = —1, thus Pi + P2 G A (since A is closed), therefore Pi + P2 G ag * A (by Lemma 4.4). 

Suppose o > 2. Then {ag,Pi + P2) = a — 1 > 0. One has Pi — aag, P2 + ag G A (by Lemma 4.4) and 
{Pi — aasTp2 + cts) = —1, thus pi+ P2 — [a — Vjag G A (since A is closed), therefore pi+ p2 G cFg* A (by 
Lemma 4.4). 

Case 6: {ag,Pi) = —a < and {as,P2) = —b < 0. Then Pi,P2+bag G A (by Lemma 4.4) and {Pi, P2+bag) = 
— l — ab< —1. This contradicts the definition of a closed subset, thus this case does not hold. □ 

Corollary 4.6. Let A be a closed subset of and g G Gjt . Then g * A is also a closed subset. 

Lemma 4.7. Let w G W and s G S such that l{sw) = l{w) — 1, and let A be a closed subset 0/$+. One 
has C {ag} U s{A \ {ag}) if and only if w < L{ag ■ (t o C){A)). 

Proof. The equality l{sw) = l{w) — l implies, by Proposition 2.4, that = {ag]Us-^gw So, the inclusion 

C {as} U s{A \ {as}) is equivalent to s($s«)) C s{A \ {as}), which is equivalent to $sto C A (we may 
not have as G '^sw because l{sw) < l{w)). This inclusion is equivalent to sw < C{A), which is equivalent 
to t{sw) < (t o C){A), which is equivalent to ag ■ t{siv) = t{w) < (Tg • (r o C){A), which is equivalent to 
w < L{ag ■ {t o C){A)). □ 

Lemma 4.8. Let A and B be two closed subsets of and s G S. If {ag} C B c {ag} U s{A \ {ag}), then 
B c ag* A. 

Proof. By Lemma 4.4, it suffices to show that: if P G B is such that {ag,P) = —a < 0, then p G A. One 
has as,P G B and _B is a closed subset, thus {ag, P) = —1 and P + ag G B. It follows that s{P) = ag + P G 
B\{ag} C s{A\{ag}), thus P G A. □ 

Lemma 4.9. Let A be a closed subset 0/$+ and g G . Then 

C{g*A)=L{g-{ToC){A)). 



Proof. We argue by induction on l{g). Assume first that l{g) = 1. Then g = ag for some s G S. Let 
wi = C{ag * A) and W2 = L{as ■ (r o C){A)). Since ag G ag* A, one has i>s = {ag} C ag* A, thus s < wi, 
namely, l{swi) = l{wi) — 1. Moreover, <I>^j C ag * A C {ag} U s{A \ {ag}), thus, by Lemma 4.7, wi < W2- 
One has r(s) = ag < ag - {to C){A), thus s < W2, namely, l{sw2) = l{w2) — 1- By Lemma 4.7, it follows that 
{ag} C ^yj2 C {ag} U 5(^4 \ {ag}) and so, by Lemma 4.8, C ag* A. This implies that W2 < wi. 

Assume now that l{g) > 2. We write g = aggi where s G S and l{gi) = l{g) — 1. Then, by induction 
and by Proposition 2.3, 

C{g * A) = C{ag * (51 * A)) = L(<7«(r o C){gi * A)) = L(a,(T o L){gi{T o C)(A))) = L{g{T o C)(A)). □ 



11 



Definition. Let C denote the set of closed subsets of For w €:W we set 

U^= U Ua. 

AeC, C(A)=w 

Note that Uw (since it contains f7*„), and one has Uuf\Uy=$\iu^v. 
Lemma 4.10. Let g G Gjt and w eW. Then 

V'oo(fl') • C UL(g.r{w))- 

Proof. Let A G C such that C{A) = w. One has V-'oc(.9) • Ua C Ug^,A, and, by Lemma 4.9, C{g * A) = 
L{g ■ (r o C){A)) = L{g ■ t{w)), thus tpoo{g) ■ Ua C Z^L(s.r(«;))- This shows that ^'00(5) • i^w C Z^L(g.r(«,))- □ 

Proof of Theorem 4.1. Let /, 5 e Gjt such that '(/'(/) = ijj{g). Wc write / = r(u)/i and 5 = T{v)g2, 
where u = L{f), v = L{g), and fi,gi G Gp. Note that w = 1 if and only if / = 1, and = 1 if and only 
if 5f = 1. Lemma 4.10 implies that tpocif) ■ Hi C tiL(f) = and that 4'oo{9) ■ l^i C Z/^t(c,) = Uy Since 
V'oo(/) = ipooig), and since ZY„ n ZYt, = if u 7^ f , it follows that u = v. 

We prove now that / = 5 by induction on /(/). If /(/) = 0, then / = 1, thus u = = 1, therefore g = 1. 
Suppose /(/) > 0. Then K/i) < ^(/) and 

= ^(t(u))-V(/) = V(r(^;))- = 

By the inductive hypothesis, it follows that /i =51, thus / = r(u)/i = T{v)gi = g. □ 

5. The general case 

Now, we assume that F is any Coxeter graph. The goal of this section is to prove the following. 

Theorem 5.1. There exists an injective homomorphism <f) : Gjt G^ from Gjt to an Artin monoid G^ 
associated to a Coxeter graph F of small type with no triangle. 

Since we already know by Corollary 4.2 that l : G^ Gp is injective. Theorem 5.1 finishes the proof 
of Theorem 1.1. 

We start summarizing some well known properties of Gp that can be found in [BS] and [Mic]. 

We say that g € Gp is a common multiple of a finite subset F = {/i, ...,/„} c Gp ii fi < g for all 
i = 1, . . . ,n. If = {/i, . . . , /„} has a common multiple, then it has a least common multiple, which is 
obviously unique, and which will be denoted by /i V . . . V /„. 

Let s,t S S. The subset {(Js,(Jt} has a common multiple if and only if mg^t < +00. In that case, one 
has dgV (Tt — prod(crs, CTt; rris^t). More generally, for a subset T C S, the set Et = {(Jt] t € T} has a common 
multiple if and only if the subgroup Wt of W generated by T is finite. In that case, the least common 
multiple of is denoted by At- It is equal to t{wt), where wt denotes the element of maximal length in 
Wt- If W is finite, namely, if F is of spherical type, then we will denote by A = A(F) the least common 
multiple of S = {(Js]s G S}. 

Let T c S and f,gG Gjt . If / and g have a common multiple and both lie in the submonoid generated 
by Et = {(Jt] t GT}, then f V g also lies in this submonoid. 

Definition. Let F and F' be two Coxeter graphs, let S be the set of vertices of F, and let (p : Gp — > Gjt, be 
a homomorphism. We say that (j) respects Icm's if 

• <i){as) ^ 1 for all s & S; 

• {<f){as), <?^(ct)} has a common multiple if and only if rUs^t < +00; 
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• if ms,t < +00, then (p{as V at) = (j}{as) V (l){<Jt). 

The following theorem can be found in [Cri, Thm. 1.3]. 

Theorem 5.2 (Crisp). // a homomorphism (p : Gp G^, between Artin monoids respects Icm's, then it is 
injective. 

Proof of Theorem 5.1. Let An be the Coxeter graph of Figure 1. Let /, g be the elements of defined 
by / = (Tiasa^ . . . and g = a2<T4(TQ It is shown in [BS, Lem. 5.8] that 

(1) prod(/, g;n+l) = pmd{g, /; n + 1) = A(A„). 

m • m • • 

12 3 n-1 n 

Figure 1: The Coxeter graph An 

Let m > 3, and let r(m) denote the Coxeter graph illustrated in Figure 2. It is a bipartite graph whose 
set of vertices is the disjoint union / U J, where |/| = | J| = m — 1. As a Coxeter graph, T{m) is the disjoint 
union of two copies of Am-i- Let f,g be the elements of (jr(m) defined by / = nie/""* ^^'^ 9 — YljeJ^j- 
Then, by (1), one has 

(2) prod(/, g; m) = pvod{g, /; m) = A(r(m)). 



I 




Figure 2: The Coxeter graph r(m) 

Let fc G N. Wc denote by fcr(m) the disjoint union of k copies of r(m). It is a bipartite graph whose 
set of vertices is the disjoint union kl U kJ, where kl denotes the disjoint union of k copies of /, and kJ 
denotes the disjoint union of k copies of J. Let /, g be the elements of G^p^^^ defined by / = Iliefe/ ^^'^ 
9 = U.jekj(^r Then, by (2), one has 

(3) prod(/, g; m) = prod(£f, /; m) = A(fcr(m)). 

Let r(oo) denote the Coxeter graph illustrated in Figure 3. It is bipartite graph whose set of vertices is 
the disjoint union 7 U J, where I = {11,22} and J — {31,32}- Let f,g be the elements of Gjt^^^ defined by 
/ = (Ti J (7^2 and g — Uj^ aj^ ■ A common multiple of / and g would be a common multiple of {dij , ai^ , aj^ , (Tj^}. 
But r(oo) is not of spherical type, thus such a common multiple may not exist. So, / and g have no common 
multiple. 

Let fc G N. We denote by fcr(oo) the disjoint union of fc copies of r((X)). It is a bipartite graph whose 
set of vertices is the disjoint union kl U fc J, where kl denotes the disjoint union of k copies of /, and fc J 
denotes the disjoint union of fc copies of J. Let / and g be the elements of G^p^^^ defined by / = Oiefe/ '^i 
and g = Hjefej ^j- Then, as before, / and g have no common multiple. 
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Figure 3: The Coxeter graph r(oo) 

Now, lot r bo any Coxctcr graph. Let N be the least comnion multiple of {m^.j — 1; ,s. i € S, s t, ms,t < 
+00} . For all s G 5 we take an abstract set /(s) with 2 A'' elements. We construct a Coxeter graph of small 
type F' as follows. 

• The set of vertices of F' is the disjoint union of the I{s), s G S. 

• If ms,t = 2, then there is no edge joining two vertices in I{s) U I{t). 

• If 3 < nis^t < +00, then the full subgraph of F' generated by I{s) U I{t) is isomorphic to 
(mT^r) ^i^s,t) with an isomorphism which takes I{s) to I and I(t) to J- 

• If nis.t = +00, then the full subgraph of F' generated by I{s) U I{t) is isomorphic to -ZVF(oo) with an 
isomorphism which takes I{s) to NI and I{t) to NJ. 

Such a graph always exists but is not unique in general. By the above considerations, there is a well 
defined homomorphism (f> : — > Gp, which sends a-g to 0*6/(8) ^'^^ s € S, and this homomorphism 
respects Icm's, so, is injective by Theorem 5.2. Note also that: if F is of small type, then F' is a bibartite 
graph, thus has no triangle. 

So, applying twice the above construction, one gets a Coxeter graph F of small type with no triangle 
and a monomorphism ^ : Gp G^. □ 



6. Two lemmas 

Lemma 3.3. Let s G S and f3 G such that {as,(3) = and dp(/J) > 2. Then the definition ofT{s,p) 
does not depend on the choice of the t G S such that dp{t ■ /3) = dp(/J) — 1. 

Proof. We argue by induction on dp(/3). We take t,r G S, t ^ r, such that dp{t ■ (3) — dp(r • /3) = dp(/3) — 1. 
By Proposition 2.6, we can write {at,f3) = b> and {at,f3) = c > 0. 

Case 1: {as,at) = 0, {a.s,ar} = 0, and {at,ar) = 0. We cannot have dp(/3) = 2 in this case. Suppose 
dp(/3) > 3. Then, by induction, 

y ■ T(s, p - bat) = ■ T(s, p - bat - car) by (D4) 
= yT{s,f3-car) by (D4) 

Case 2: {as, at) = 0, {as,ar) = 0, and {at,ar) = —1. Suppose dp(/3) = 2. Then (3 = at + a^, b = c = 1, 
and 

y ■ Tis, p - at) = y ■ T{s,ar) = = y ■ T{s,at) = y ■ T{s, p - ar) by (D2) 
We cannot have dp{P) = 3 in this case. Suppose dp(/3) > 4. Then, by induction 

y ■ T{s, P - bat) = y^ ■ T{s, P-bat-{b + c)a,) by (D4) 

= 2/3 . j^^g^ p-{b + c)at -ib + c)ar) by (D4) 
= y ■ T{s, p — car) by symmetry 

Case 3: {as, at) = 0, {as,ar) = —1, and {at,ar) = 0. We cannot have dp(/3) < 3 in this case. Suppose 
dp{P) > 4. Then, by induction, 
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y ■ T{s, p - bat) = y{y - 1) • T(s, (i-hat- car) + • T(r, p - cas - hat - car) by (D5) 

= (y - 1) • T(s, 13 - car) + V ■ T{r, P-ca^- car) by (D3) and (D4) 

Case 4- {oi-siOit) = 0, (as,ar) = —1, and (at,ar) = —1. We cannot have dp(/3) < 5 in this case. Suppose 
dp(/?) > 6. Then, by induction, 

y ■T{s,[3 - bat) 

= y{y-l)- T{s, P~bat-{b + c)ar) + y^ ■ T{r, - [b + c)as - bat - {h + c)ar) by (D5) 

= ydp(/3)-i(y _ _^ y2(^ „ 1) . (3-{b + c)a, - (6 + c)at - (6 + c)a^) 

+2/3 . T{t, (3-{b + c)as - (6 + c)at - (6 + 2c)ar) by (D3) and (D5) 

= ydp(/3)-i(y _ 1)2 + ydp(/3)-2(j^ _ 1)2 ^ ^3 . ^.(^^ /? - (6 + c)a, - (6 + c)at - (6 + 2c)a^) by (D3) 
= 2/dp(/3)-i(y „ 1)2 _^ _ 1) . ^(-^^ /? - ca^ - (5 + c)at - car) 

+y2 . T(i, /? - cas - (5 + c)at - {b + 2c)ar) by (D3) and (D4) 

= (y - 1) • T(s, /3 - car) + y ■ T{r, P - cas - car) by (D3) and (D5) 

Case 5: {as, at) = —1, {aa,ar) = —1, and {at,ar) = 0. We cannot have dp(/3) < 5 in this case. Suppose 
dp(/?) > 6. Then, by induction, 

(y - 1) • T{s, P - bat) + y ■ T{t, P -bas - bat) 
= y'^P^^^'>-\y - 1)^ + y^ ■ T{t, P - bas - bat - [b + c)ar) by (D3) and (D4) 

= yW)-i^y _ 1)2 + y2(y _ 1) . ^(^^ p-(b + c)as - bat - (6 + c)ar) 

+y3 • r(s, P- {b + c)as - (6 + c)at - (6 + c)ar) by (D5) 

= ydp(/3)-i(y ^ 1)2 ^ ydp(^()-2(y _ 1)2 ^ y3 . ^.(g^ /J - (6 + c)a« - (6 + c)at - (6 + c)a^) by (D3) 

= (y — 1) • T(s, /3 — car) + V ■ T{r, P — cas — car) by symmetry. □ 

Lemma 3.4. Let s G S and P G 3>+ such that dp(/3) > 2 and {as,P) = — a < 0. Then the definition of 
T{s,P) does not depend on the choice of the t £ S such that dp{t ■ P) = dp(/3) — 1. 

Proof. We argue by induction on dp(/3). We take t,r € S, t ^ r, such that dp{t ■ P) = dp(r • P) = dp{P) — 1. 

By Proposition 2.6, we can write {at, P) — b > and (a^, /?) = c > 0. 

Case 1: {aa,at) = 0, {as,ar) = 0, and {at,ar) = 0. We cannot have dp(/3) = 2 in this case. Suppose 
dp(/9) > 3. Then, by induction, 

y ■T{s,P -bat) = y"^ ■ T{s, P - bat - car) by (D6) 
= yT{s,p-car) by (D6) 

Case 2: {ag,at) = 0, {ag,ar) = 0, and {at,ar) = —1. We cannot have dp(/3) < 3 in this case. Suppose 
dp(/3) > 4. Then, by induction, 

y • T{s, P - bat) = y' • T{s, P - bat - {b + c)a.) by (D6) 

= y3 • T{s, p-ib + c)at - (6 + c)a^) by (D6) 
= y • T(s, /? — car) by symmetry 

Case 5; {as, at) = 0, (agjOfj.) = —1, {at,ar) = 0, and c > a. We cannot have dp(/3) < 3 in this case. 
Suppose dp(/3) > 4. Then, by induction, 

y • T{s,P- bat) 

= y{y - 1) • T(s, P-bat- car) + y^ • T(r, P- (c- a)a^ - 6at - ca^) by (D7) 

= y^P^'^^-'ly - 1)^ + y^ • r(r, /3 - (c - a)a, - bat - car) by (D3) 

= (y - 1) • T{s, p - car) + y ■ T{r, p-{c- a)as - car) by (D3) and (D6) 

Case 4- {ois,oit) = 0, {as,ar) — —1, {at,ar) = 0, and c = a. We cannot have dp(/3) = 2 in this case. 
Suppose dp(/3) > 3. Then, by induction, 
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y ■ T{s,(i-hat) 

= y ■ T{r, P -bat - aar) + y{y - 1) • T(s, f3 -bat - aar) by (D8) 

= T(r, p - aar) + {y - 1) ■ T{s, /3 - aar) by (D6) and (D4) 



Case 5: {as, at) — 0, {as,ar) = —1, {at,ar) = 0, and c < a. We cannot have dp(/3) = 2 in this case. 
Suppose dp(/3) > 3. Then, by induction, 

yT{s,f3-bat) 

= j/2 . T{s, p-bat- car) + y ■ T{r, P - bat - car) + y^P('')-i(l - y) by (D9) 
= y ■ T{s, p - car) + T{r, p - car) + y'^P^'^'>-\l - y) by (D6) 

Case 6: {as, at) = 0, {as,ar) = —1, (Qf,a,) = —1, and c > a. We cannot have dp(/3) < 5 in this case. 
Suppose dp{P) > 6. Then, by induction, 

yT{s,p-bat) 

= y{y - 1) • T{s, p-bat-{b + c)a^) + y'^ ■ T{r, p-{b + c- a)a, - bat -{b + c)ar) by (D7) 
= ydp(/3)-i(y _ ^y2(^y_^y /J _ (5 + c - a)as -{b + c)at -{b + c)a^) 

+2/3 • T{t, P-{b + c- a)as -{b + c)at - (6 + 2c - a)ar) by (D3) and (D7) 

= ydp(/3)-l(y _ 1)2 + ydp(/3)-2(y _ 1)2 

+y3 . T{t, P-{b + c- a)as - (b + c)at - (6 + 2c - 0)0;^) by (D3) 

= ydp(/3)-i(y _ 1)2 ^ _ 1) . /3 - (c - a)a, - (6 + c)at - ca^) 

+y2 • T(t, P-{c- a)as -{b + c)at - (6 + 2c - 0)0;^) by (D3) and (D6) 

= (y - 1) • T(s, P - car) + V ■ T{r, P-{c- a)as - car) by (D3) and (D7) 

Case 7: {as, at) = 0, {as,ar) = —1, {at,ar) = —1, and c = a. Suppose dp(/3) = 2. Then a = b = c = 1, 
P = at+ ar, and 

yT{s,p-at) = yT{s,ar)=0 by (D2) 

T(r, P-ar) + {y-l)- T{s, P - ar) = T{r, at) + {y - I) ■ T{s, at) = by (D2) 

We cannot have dp{P) € {3,4} in this case. Suppose dp(/3) > 5. Then, by induction, 

y ■T{s,P-bat) 

= y{y - 1) • T{s, p-bat-{b + a)a^) + y^ ■ T{r, /? - 6a, - bat ~ {b + a)a^) by (D7) 

= Z/'^P^^^-^y - 1)' + • T{t, p-bas-{b + a)at - (6 + a)Q,) 

- 1) . T{r, P-bas-{b + a)at - (6 + a)ar) by (D3) and (D8) 

= ydp(/3)-2(y _ 1)2 ^ y2 . ^ _ J,^^ _ + a)c,^ _ (5 + a)^^) + ydp(/3)-2(y _ 1)3 

+2/2 (y - 1) . T{r, p-bas-{b + a)at -{b + a)ar) 
= ydp(/3)-2(y _ 1)2 ^ y2 . ^ _ - (6 + a)at - (6 + a)a^) 
- 1)2 . T{s, P-{b + a)at - (6 + a)a^) 
+2/2 (y - 1) . T{r, p-bas-{b + a)at -{b + a)ar) by (D3) 

= /p(«-2(y _ 1)2 ^ y2 . ^ _ _ + a)„^ _ (5 + a)c,^) 

+j/(j/ - 1) • T(s, /3 - (6 + a)at - aar) by (D5) 
= (y - 1) • T(r, /3 - (6 + a)at - aar) + y ■ T{t, p-{b + a)at -{b + a)ar) 

+y{y - 1) • T{s, P-{b + a)at - aar) by (D3) and (D6) 

= T{r, P - aar) + {y - I) ■ T{s, P - aar) by (D7) and (D4) 

Case 8: {as, at) — 0, (a,, a^) — —1, {at, ar) = —1, c < a, and b + c> a. We cannot have dp(/3) < 4 in this 
case. Suppose dp(/J) > 5. Then, by induction. 
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y ■ T{s,P- bat) 

= y{y - 1) • T{s, l3-bat-{b + c)a,) + y^ ■ T{r, l3-{b + c- a)a, - bat - {b + c)a^) by (D7) 
= ydp(/3)-i(y _ 1)2 ^ y3 . ^ _ (fe + c - a)a, - (6 + c)at - (6 + c)a,) 

. r(t, /3 - (fe + c - a)as - (6 + c)at - (6 + c)^^) + /p(/3)-2(i _ y) by (D3) and (D9) 

= ydp(/3)-i(y _ 1)2 ^ y3 . j.^^^ ^ _ + c - a)a, - (6 + c)at - (6 + c)a^) 

+/P(«-2(y_ 1)2 

+2/2 . r(t, /3 - (fe + c - a)a, - (6 + c)at - (6 + c)a^) + y'^PW-\l - y) 
= y\y-l)- r(s, (3-{b + c)at - (6 + c)a,) 

+y3 • T(r, /3 - (6 + c - a)a, - (& + c)at - (6 + c)a,) + y''P^f^^-^{y - if 

+yT{t,/3-{b + c)at - {b + c)ar) + y'^^^^'^'^il - y) by (D3) and (D6) 

= • r(s, /3 - (6 + c)at - car) + (y - 1) • - + c)at - ca^) 

+2/ • T{t, /3 - (6 + c)at - (& + c)a,) + ydp(/3)-i (i _ y) by (D7) and (D3) 

= y ■ T{s, /3 - car) + T{r, P - car) + y'^P'^'^'^-^l - y) by (D6) and (D7) 

Case 9: {as, at) = 0, {ag, ar) = —1, (a*, 0;^.) = —1, c < a, and 6 + c = a. We cannot have dp(/?) < 3 in this 
case. Suppose dp(/?) > 4. Then, by induction, 

2/-T(s,/3-6at) 

= y ■ T{r, (3 — bat — aar) + y{y — 1) • T(s, /3 — 6ai — aa,.) by (D8) 

= 2/2 • r(r, /3 - aat - aa^) + 2/ • T{t, P - aat - aar) + y'^P<^P')-^{l - y) 

+y'^{y - 1) • T{s,P- aat - aar) by (D9) and (D4) 

= 2/2 • r(r, f3-aat- aar) + yHy - I) ■ T{s, P - aat - aar) + y'^P^I^'>-^y - 1)2 

+2/ • r(t, /3 - aat - aa^) + 2/'^P('3)-i(l - ly) 
= 2/^ • T{s, 13 - aat - car) + (y - 1) • T{r, 8 - aat - car) 

+yT{t,(3-aat-aar) + y'^P'^'^^~H'^-y) by (D8) and (D3) 

= yT{s,P-car) + T{r,(3-car) + y'^P^^'>-^il'-y) by (D6) and (D7) 

Case 10: {as, at) = 0, («,,,«,■) = —1, (q/ , Qv ) = —1, c < a, and b + c < a. We cannot have dp(/3) < 3 in this 
case. Suppose dp(/3) > 4. Then, by induction, 

yT{s,P-bat) 

= y"^ ■ T{s,l3-bat - {b + c)ar) + y ■ T{r, f3 - bat - (5 + c)a^) + 2/'^p('5)-1(1 - 2/) by (D9) 
= 2/^ • Tis, 13 -{b + c)at ~ {b + c)ar) + y^ ■ T{r, f3 - {b + c)at - (6 + c)a^) 

+y ■ T{t, f3-{b + c)at - {b + c)q,.) + ydp(/3)-2(i _ y) + ydp(/3)-i(i _ y) by (D6) and (D9) 
= y^ ■ T{s, (3-ib + c)at - {b + c)ar) + y^ ■ T{r, [3 - (b + c)at - {b + c)ar) 

+ydp(/3)-l(i _ y) _^ ydp(/3)-2(y _ 1)2 

+y ■ T{t, P-{b + c)at - (5 + c)a,) + y^vW-^{l - y) 
= 2/2 • T(s, /3 — (6 + c)q!( — car) + (2/ — 1) • T{r, l3 — {b + c)at — car) 

+y ■ T{t, f3-{b + c)at - {b + c)ar) + y'^P(f>'>-^{l - y) by (D9) and (D3) 

= y ■ T{s, f3 - car) + T{r, f3 - car) + 2/<^p('^)-i (1 - y) by (D6) and (D7) 

Case 11: {as,at) — —1, {as,ar) = —1, (at,ar) = 0, 6 > a, and c> a. We cannot have dp(/J) < 5 in this 
case. Suppose dp(/3) > 6. Then, by induction, 

(2/ - 1) • T{s, 13 - bat) + y ■ T{t, P - {b - a)as - bot) 
= ydp(/3)-i(y _ 1)2 _^ y2 . j.^^^ p-{b- a)as -bat -{b + c- a)ar) by (D3) and (D6) 

= y^P^^'^-Hy - 1)^ + 2/'(y - 1) • T{t, p-{b + c- a)a, -bat- {b + c- a)a,,) 

+y^ ■ T{s, P- {b + c- a)as - {b + c- a)at - {b + c- a)ar) by (D7) 



ydp(/3)-l^y „ 1)2 _^ ydp{l3)-2^y _ 1)2 
3 



+y^ ■ T{s, P- {b + c- a)as - {b + c- a)at - {b+c- a)ar) by (D3) 

= (2/ - 1) • T{s, P - car) + y ■ T{r, P- {c- a)as - car) by symmetry 

Case 12: {as, at) = — 1, {ag, ar) = — 1, (a*, ar) = 0, and b> c = a. We cannot have dp(/3) < 4 in this case. 
Suppose dp{P) > 5. Then, by induction, 
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(y - 1) • T(s, (3 - hat) + y ■ Tit, /3 - (6 - a)a, - bat) 
= /P(^^-^(j/ - 1)2 + y2 • T{t, P-{b- a)a, - bat - bar) by (D3) and (D6) 

= ydpW'i^y _ 1)2 + y2 . p-bus- hat - bar) +v''{y-l)- T{t, P - ba, - bat - bar) by (D8) 
= /p(/3)-2(y _ 1)2 + y2 . (3~ba,~ bat - bar) + V'^'^'^'^^'^iv - 1)^ 

+y^{y-l)- T{t, 13 -has- bat - bar) 
= y{y - 1) • T(r, p - ba, - bat - aur) + ■ T{s, p-bas- hat - bar) + y^^^^^^'^iy - 1)^ 

+y{y - 1) • r(i, P-has- hat - aar) by (D3) and (D4) 

= y ■ T{r, P — bat — aar) + (y — 1)^ • T{s, P — bat — aar) 

+y{y - 1) • T{t, P-has- hat - aar) by (D7) and (D3) 

= T(r, p - aar) + (y - I) ■ T{s, P - aar) by (D6) and (D5) 

Case 13: {as, at) = —1, {as, Ur) = —1, {at, ar) = 0, and b> a > c. We cannot have dp(/3) < 3 in this case. 
Suppose dp(/3) > 4. Then, by induction, 

(y - 1) • T{s, P - bat) + y ■ T{t, P - (b - a)a, - hat) 
= y'ip(f3)-^y-l)^ +y^ ■T{t,P- {b-a)as -hat - (h + c- a)ar) by (D3) and (D6) 

= y'^P^'^)-' (y - 1)2 + 2/3 . T{t, p-{b + c-a)as-hat-{b + c- a)a,) 

+2/2 . T(s, p-{h + c- a)as -bat-{b + c- o)a,) + ydp(/3)-2^i _ y) pg) 
= /p(/3)-i „ 1)2 ^ ^3 . j.^^^ ^ _ _^ c - a)a, - 6at - (6 + c - o)a^) + ydp(/3)-2^y _ ^-^2 

+y2 . r(s, P-{h + c- a)as -bat-{b + c- a)a^) + ydp(/3)-i(i _ y) 
= y'^P^'^'-^y - 1)' + 2/^ • T{t, P-{b + c- a)as - hat - car) 

+y{y — 1) • T(r, P — {b + c — a)as — bat — car) 

+2/2 . T{s,P- {h + c- a)as -hat-{b + c- a)a^) + ydp(/3)-i(i _ y) by pg) and (D3) 

= 2/(2/ - 1) • T{s, p-bat- car) + 2/^ • T(f, p - {b + c- a)as - bat - car) 

+y ■ T{r, P-bat- car) + y'^P^'^)"! (1 - y) by (D3) and (D7) 

= y ■ T{s, P - car) + T{r, P - car) + y'^P^I^'>-^l - y) by (D7) and (D6) 

Case 14: {as, at) = —1, (««, ar) = —1, {at, ar) = 0, and a = b = c. We cannot have dp(/J) < 3 in this case. 
Suppose dp{P) > 4. Then, by induction, 

T{t, P - aat) + (y - 1) ■ T(s, p - aa.,) 
= y ■ T{t, P — aat — aar) + [y — 1)^ • T{s, P — aat — aar) 

+y{y — 1) • T(r, P — aas — aat — aar) by (D6) and (D5) 

= y • T(s, P — aas — aat — aUr) + y{y — 1) • T{t, p — aas — aat — aar) 

_^ydp(/3)-2(-y - 1)''' + y(y - 1) • T{r, P - aUs - aat - aar) by (D8) and (D3) 

= T(r, P — aar) + (y — 1) • T{s, P — aar) by symmetry 

Ca.se 15: {as, at) = — 1, {as, ar) — —1, {at, ar) = 0, and a = b> c. We cannot have dp(/3) < 3 in this case. 
Suppose dp{P) > 4. Then, by induction, 

T{t, p - aat) + (y - 1) • T{s, p - aat) 
= y ■ T{t, P — aat - car) + (y - 1)^ • T{s, P - aat - car) 

+y{y — 1) • T{r, p — cas — aat — car) by (D6) and (D5) 

= y2 • T{t, P-cas- aat - car) + y ■ T{s, P - cas - aat - car) + y'^P^^^-'^{l - y) 

^ydpii3)-2^y _ 1)3 _^ _ . ^^^^ ^ _ ^ _ (j^^^ _ ^y ^q) and (D3) 

= y'^P^'^^-^Cy - 1)2 + y2 • T{t,p- cas - aat - car) + y ■ T{s,p- cus - aat - car) 

+y{y - 1) • T{r, P - cas - aat - car) + ydp(/5)-i(l - y) 
= y(y - 1) • T{s, P - aat — car) + y^ ■ T{t, P — cas - aat - car) 

+y ■ T{r, p-aat- car) + y<ip('')-i(l - y) by (D3) and (D8) 

= y • T{s, P - car) + T{r, P - car) + y^P('5)-i(l - y) by (D7) and (D6) 

Case 16: {as, at) = —1, (as, ctr) = —1, (a*, Q^r) — 0, a > h, a > c, and b + c> a. We cannot have dp(/3) < 3 
in this case. Suppose dp{P) > 4. Then, by induction, 
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yT{s,(3~bat)+Tit,(3-bat)+ ydp(/3)-i (i _ y) 
= y{y - 1) • T(s, (3 -hat - car) + • T{r, /3- {b + c- a)as - bat - car) 

+y ■ T{t, P-bat- car) + y'^P'^^^'^l - y) by (D7) and (D6) 

= /p(^*)-i(y - 1)2 + y2 . 13 -{b + c- a)a, - bat - car) 

+2/2 . T[t, /3 — {b + c— a)ag — bat ~ car) 

+y ■ T{s, 13 -{b + c- a)as - bat - car) + ?/^p('5)-2(1 - y) + 2/dp(/3)-i(i _ y) by (D3) and (D9) 
= y ■ T{s, 13 - car) + T{r, (3 - car) + y'^P^'^)-^ (1 - y) by symmetry 

Case 17: {as, at) = —1, {as, ar) = —1, {at, ar) = 0, and a = b + c. We cannot have dp{(3) = 2 in this case. 
Suppose dp{(3) > 3. Then, by induction, 

y ■ T{s, 13 - bat) + T{t, f3 - bat) + y'^^^^^-^l - v) 
= y ■ T{r, (3 — bat ~ cUr) + y{y — 1) • r(,s, /? — bat — car) 

+y ■ T{t, 13 -bat- car) + j/'ip(^)-i(l - y) by (D8) and (D6) 

= y ■ T{s, f3 - car) + T{r, /3 - car) + y'*P('^'-^(l - y) by symmetry 

Case 18: {as, at) = — 1, ar) = — 1, {at,ar) = 0, and a> b + c. We cannot have dp(/3) = 2 in this case. 
Suppose dp(/?) > 3. Then, by induction, 

y ■ T{s, p - bat) + T{t, (3 - bat) + y'ip(«-Hl - v) 
= y2 . T{s, 13 -bat- car) + y ■ T{r, p-bat- car) + y<^P(^)-i(l - y) 

+y ■ T{t, (3 -bat- car) + ?/'ip(«-i(l - y) by (D9) and (D6) 

= y-T{s,l3-car)+T{r,l3-car)+y^'^'''^'^~\l-y) by symmetry. □ 
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